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We discuss a confining model for charmonium in which the attractive force are
derived from a new type of gauge field equation with a generalized SU3 gauge symme-
try. The new gauge transformations involve non-integrable phase factors with vector
gauge functions ωaµ(x). These transformations reduce to the usual SU3 gauge trans-
formations in the special case ωaµ(x) = ∂µξ
a(x). Such a generalized gauge symmetry
leads to the fourth-order equations for new gauge fields and to the linear confining
potentials. The fourth-order field equation implies that the corresponding massless
gauge boson has non-definite energy. However, the new gauge boson is permanently
confined in a quark system by the linear potential. We use the empirical potentials of
the Cornell group for charmonium to obtain the coupling strength f2/(4pi) ≈ 0.19 for
the strong interaction. Such a confining model of quark dynamics could be compatible
with perturbation. The model can be applied to other quark-antiquark systems.
1 Introduction
The excited states of charmonium provide information regarding forces and
potentials between charmed quarks or c-quarks[1]. The forces between charmed
quarks come from a linear potential ∝ r and a Coulomb-type potential ∝ r−1.
It is interesting to note that the coupling strength associated with the Coulomb-
type potential is not purely electromagnetic. This suggests that the color SU3
gauge fields, which generate a linear confinement potential for c-quarks, must
also produce a Coulomb-type potential. Thus, it is desirable from a physical
viewpoint that one investigates a model of charmonium with new gauge fields,
which have these properties explicitly.
In this paper, we suggest that a new type of gauge invariant field equation
involving fourth-order space-time derivatives could lead to these required prop-
erties. We show that these potentials between a c-quarks and anti-c-quark in a
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charmonium can be obtained by assuming a generalized gauge symmetry for the
conservations of quark current. The ideas of generalization are (i) to replace the
usual (Lorentz) scalar gauge function ξa(x) by a vector function ωaµ(x), and (ii)
to replace the phase factor in usual gauge theory by a non-integrable phase fac-
tor, which contains the vector gauge function ωaµ(x)[2]. In the special case when
the vector gauge function ωaµ(x) can be expressed as the space-time derivative of
an arbitrary scalar function ξa(x), i.e. ωaµ(x) = ∂µξ
a(x), then the non-integrable
phase factor reduces to the usual phase factor. In this way, the generalized SU3
gauge transformations becomes the usual SU3 gauge transformations. In the
literature, Yang stressed that electromagnetism is the gauge invariant mani-
festation of the non-integrable phase factor exp(ie
∮
Aµdx
µ), which provides an
intrinsic and complete description of electromagnetism[3]. We used it to explore
forms of gauge fields, wrapping numbers and quantization conditions in gauge
field theories[4].
We argue that there is a physical justification for the fourth-order gauge
field equation in particle physics based on the principle of generalized gauge
symmetry and the experimental non-observability of a single quark. The new
gauge bosons associated with the fourth-order equation have non-definite ener-
gies, otherwise there is no essential difficulty, according to Pais and Uhlenbeck,
and others[5, 6, 7]. We note that such a negative energy of the new gauge boson
will not upset the stability of a quark system at quantum level and will not con-
tradict experiment. The reason is that the quarks satisfy the Dirac equations
and, hence, a system of quarks has the ground state. Furthermore, the gauge
boson with negative energy is permanently confined in quark systems by a lin-
ear potential. Thus, the new gauge boson will not lead to observable negative
energies in the physical world.
2 A Generalized U1 and SU3 Gauge Symmetries
For clarity and comparison, let us consider simultaneously the generalized gauge
symmetries related to U1 and SU3 groups. Suppose gauge fields Bµ(x), and
fermion ψ(x) are associated U1, while gauge fields H
a
µ(x) and quark field q(x)
are associated with SU3. The new gauge transformations for Bµ(x) and H
a
µ(x)
are assumed to involve vector gauge functions Λµ(x) and ω
a
µ(x),
B′µ(x) = Bµ(x) + Λµ(x), for U1, (1)
H ′µ(x) = Hµ(x) + ωµ(x)− if
∫ x
dx′λ[ωλ(x
′), Hµ(x)], for SU3, (2)
Hλ(x) = H
a
λ(x)L
a, ωλ(x) = ω
a
λ(x)L
a, [La, Lb] = ifabcLc, La =
λa
2
,
where a, b, c = 1, 2, ....8 are indices of the color SU3 group, which has 8 gener-
ators La, fabc are structure constants, and λa are Gell-Mann matrices[8]. For
fermions and quarks, the new gauge transformations are
ψ′(x) = Ω(x)ψ(x), ψ
′
(x) = ψ(x)Ω(x)−1, U1, (3)
2
q′(x) = Ωω(x)q(x), q′(x) = q(x)Ω
−1
ω , SU3, (4)
Ω(x) = exp
(
−igb
∫ x
Λλ(x
′)dx′λ
)
, (5)
Ωω(x) = exp
[
−if
∫ x
ωλ(x
′)dx′λ
]
=
[
1− if
∫ x
ωaλ(x
′)dx′λLa
]
, (6)
where ωaλ(x) is an infinitesimal (Lorentz) vector gauge function. The paths in
(5) and (6) could be arbitrary, as long as they end at the point x ≡ xν . As
usual, the gauge covariant derivatives are defined as
∆bµ = ∂µ + igbBµ(x), U1, (7)
∆µ = ∂µ + ifH
a
µ(x)L
a, SU3. (8)
The U1 and SU3 gauge curvatures are defined as usual,
[∆bµ,∆bν ] = igbBµν , U1, (9)
[∆µ,∆ν ] = ifH
a
µνL
a, SU3, (10)
where
Bµν = ∂µBν − ∂νBµ,
Haµν(x) = ∂µH
a
ν (x) − ∂νH
a
µ(x)− ff
abcHbµ(x)H
c
ν(x), (11)
or
Hµν(x) = ∂µHν(x)− ∂νHµ(x) + if [Hµ(x), Hν(x)].
We have the following new gauge transformations forBµν(x), ∂
µBµν(x), Hµν(x) =
Haµν(x)L
a, and so on:
B′µν(x) = Bµν(x) + ∂µΛν(x)− ∂νΛµ(x) 6= Bµν , U1, (12)
H ′µν(x) = Hµν(x) + ∂µων − ∂νωµ − if
[∫ x
ωλ(x
′)dx′λ, Hµν(x)
]
, SU3, (13)
∂µB′µν(x) = ∂
µBµν(x) + ∂
µ∂µΛν − ∂
µ∂νΛµ = ∂
µBµν(x), U1, (14)
∂µH ′µν(x) = ∂
µHµν(x)− if
[∫ x
ωλ(x
′)dx′λ, ∂µHµν(x)
]
, SU3, (15)
provided the gauge functions Λµ(x) and ω
a
µ(x) satisfy the following constraints
∂2Λµ(x) − ∂µ∂
λΛλ(x) = 0, ∂
2 = ∂µ∂νη
µν , ηµν = (1,−1,−1,−1), (16)
∂µ{∂µων(x)− ∂νωµ(x)} − if [ω
µ(x), Hµν (x)] = 0. (17)
These constraints are necessary for the gauge invariance of the Lagrangians
with U1 and SU3 groups. We stress that the Lagrangian with new SU3 gauge
invariance can be constructed only for the general gauge function, ωµ(x) 6=
∂µω(x). The relation (17) is required to be satisfied for the general case, ωµ(x) 6=
3
∂µω(x). The restriction for ωµ(x) in (17) is similar to that for gauge functions
of Lie groups in the usual non-Abelian gauge theories[9, 10]. We also have
ψ
′
(x)γµ∆′bµψ
′(x) = ψ(x)γµ∆bµψ(x), U1, (18)
q′(x)γµ∆′µq
′(x) = q(x)γµ∆µq(x), SU3. (19)
Here, we have used the Jacobi identity for the generators La and the relations
∂µΩ(x) = −igbΛµ(x)Ω(x), (20)
∂µΩω(x) = −ifω
a
µ(x)L
aΩω(x), (21)
to obtain the results (12)-(17).
These relations (1), (3), (5), (7) and (9) define generalized U1 gauge sym-
metry. There are four components of the gauge vector function Λµ in (1).
Nevertheless, we impose four constraints (16) for Λµ. The transformation of
ψ in (3) involving a scalar phase factor, and the form of the gauge covariant
derivative (10) is the same as that of the U1 gauge group. Furthermore, in
the special case in which the vector function Λµ(x) can be expressed as the
space-time derivative of an arbitrary scalar function ω(x), i.e., Λµ = ∂µω(x),
the constraint (16) becomes an identity for arbitrary function ω(x). In this case,
the transformations (1), (3) and (5) reduce the usual U1 gauge transformations.
In other words, the non-integrable phase factors become usual phase factors of
the U1 group. Thus, the transformations (1), (3), (5) and the constraint (16)
may be considered as a generalized U1 gauge transformation. Similar situation
holds in the generalized SU3 gauge transformation. We shall call them the U1
or SU3 ‘taiji gauge transformations’
1 to distinguish them from the usual gauge
transformations. Their corresponding gauge fields may be called ‘taiji gauge
fields,’ which will satisfy fourth-order partial differential equations, as we shall
see below.
3 A Model of Charmonium and Confining Po-
tential
Let us apply SU3 taiji gauge symmetry in (11), (15) and (17) to construct a
confining model for charmonium. In this model one has a linear attractive po-
tential between quark and antiquark in a charmonium. This model suggests a
new approach to quark confinement based on the confining potential derived
from the fourth-order gauge field equations dictated by the taiji gauge sym-
metry. Thus, the new approach differs from that in the conventional quantum
chromodynamics (QCD) based on the usual gauge symmetry. This difference
will be further discussed in section 4.
In this model for charmonium, the previous discussions still hold when we
replace quark q(x) and anti-quark q(x) by the charmed quarks and antiquarks,
1In ancient Chinese thought, ‘taiji’ denotes the ultimate principle or the condition that
existed before the creation of the world.
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c(x) and c(x). The Lagrangian with [SU3]color taiji gauge symmetry takes the
form
LcH =
1
2
L2o∂µH
µλ
a ∂
νHaνλ + c[iγ
µ(∂µ + ifH
a
µL
a)−mc]c, (22)
where mc is the mass of the charmed quark[8]. For the following discussions
of classical gauge fields and static potentials, it is not necessary to include a
gauge fixing term in the Lagrangian (22), similar to the usual discussion of the
Coulomb potential in electrodynamics. Nevertheless, when one discusses quan-
tum fields and rules for Feynman diagrams, one must include gauge fixing terms
such as Lgf = (L
2
o/2α)(∂λ∂µH
µa)(∂λ∂νHaν ) in (22), so that the propagator of
the massless gauge boson is well defined.
The gauge field equation for Haµ(x) can be derived from the Lagrangian (22),
∂2∂µHaµν −
f
L2o
cγνL
ac = 0. (23)
The charmed quark equations are given by
iγµ(∂µ + ifHaµLa)c−mcc = 0, (24)
i∂µcγ
µ + cγµfHµaLa +mcc = 0. (25)
Since Haµν is anti-symmetric in µ and ν, the taiji gauge equation (23) implies
the continuity equation
∂ν(cγνL
ac) = 0, (26)
associated with the color SU3 group. This continuity equation can also be
derived from the charmed quark equations (24) and (25).
The static equation for the time-component Ha
0
(r) in (23) takes the form
L2o∇
2∇2Ha
0
(r) = fcγ0L
ac. (27)
For example, the sources of H3µ(x) and H
8
µ(x) fields are respectively the color
isotopic charge Q3 and the color hypercharge Q8. All color charges can be
expressed in terms of the unit color charge f [8]. Similar to the static Coulomb
potential in electrodynamics, suppose we replace the time component of the
source term f(cγ0L
ac) by a point color chargeQ3 at the origin for the component
a = 3. We have
L2o∇
2∇2H3
0
(r) = Q3δ
3(r). (28)
It leads to the linear attractive gauge potential fields H3
0
(r)
H3
0
(r) =
Q3
L2o
r
8pi
, (29)
where we have used the Fourier transform of generalized functions[11, 2]. In
addition to this solution, we observe that the fourth-order equation (28) also
has a Coulomb-type solution H ′3
0
(r) = b/r, which satisfies ∇2H ′3
0
(r) = 0 for
r 6= 0. To determine the unknown constant b, we require that this solution of
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homogeneous equation satisfies the boundary condition,∇2H ′3
0
(0) = Q3δ
3(0),
at the origin. This boundary condition implies that the new gauge boson H3µ
coupled to other particles with only one single color charge Q3. Thus we have
b/r = −Q3/(4pir). These two solutions, H
3
0
(r) and H ′3
0
(r), lead to the strong
attractive potential energy Q3(H
3
0
+H ′3
0
) = Vst for the charmonium,
Vst =
(Q3)
2r
8piL2o
−
(Q3)
2
4pir
. (30)
Besides, there is an attractive electromagnetic potential energy between charmed
quark and anti-quark with the electric charges Qe1 = 2e/3 and Qe2 = −2e/3,
we have
Vem =
Qe1Qe2
4pir
=
−4
9
e2
4pir
,
e2
4pi
=
1
137.035
, (31)
where c = h¯ = 1. To estimate the constants Lo and unit color charge f in the
Lagrangian (22), we set Q3 ≈ f and use the coefficients of the effective potential
energy V (r) obtained by fitting the spectrum of charmonium[1, 12],
V (r) = −
αc
r
[
1−
( r
a
)2]
, αc = 0.2, a = 0.2fm, mc = 1.6GeV. (32)
In this approach of Cornell group for charmonium spectrum, heavy charmed
quarks are considered as non-relativistic particles. It is natural to identify the
effective potential V (r) in (32) with the sum of the confining potential (30) and
the electromagnetic potential (31),
V (r) = Vst + Vem =
(
f2
4piL2o
)
r −
(
f2
4pi
+
e2
9pi
)
1
r
, f ≈ Q3. (33)
Based on the relations (32) and (33), we can estimate the coupling strength
f2/(4pi) of unit color charge f and the length scale Lo:
f2
4pi
≈ 0.19, Lo ≈ 0.93a = 0.19fm, mc ≈ 1.6GeV. (34)
Since the experimental result for mc is given by 1.18GeV ≤ mc ≤ 1.34GeV ,[12]
one may consider f2/(4pi) and Lo in (34) as approximate results with uncer-
tainties of ≈ 25% .
4 Discussions
The taiji U1 gauge symmetry was used to discuss the conservation of baryonic
charges and baryonic gauge fields, which could provide a field-theoretic under-
standing of the accelerated cosmic expansion[2, 13, 14]. We may remark that
the formulation of taiji gauge symmetry for SU3 can be generalized to SUN
without difficulty.
In the usual formulation of, say, the U1 gauge field hµ, the U1 curvature
hµν = ∂µhν − ∂νhµ is gauge invariant. Thus, ∂
µhµν , ∂
λhµν etc. are also U1
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gauge invariant, so that one can use them to construct various gauge invariant
Lagrangians to obtain higher-order gauge field equations. But these types of
gauge invariant Lagrangians are not unique[2, 13]. Taiji U1 gauge symmetry
implies that only the special form ∂µhµν is invariant, as shown in (14).
If one uses the potential (33) to fit the bound states of quark and antiquark
systems for both c-quarks and b-quarks, one will get the results f2/(4pi) =
0.51, Lo = 0.34fm, mc = 1.84GeV and mb = 5.17GeV [15, 12]. Thus, in the
low energy regime, the strength of color charge is probably given by 0.19 ≤
f2/(4pi) ≤ 0.51. Since the value of mc = 1.84GeV is larger than that associ-
ated with (32) or (34), the inclusion of b-quarks seems to give a less reliable
approximate value for f2/(4pi), in comparison with that given by (34).
Recently, a full lattice QCD with almost physical quark masses was employed
to study charmonium potential.[16, 17] The potentials with spin-independent
and spin-dependent parts are obtained by using Bethe-Salpeter wave function
in dynamical lattice QCD simulations. It was found that the spin-independent
charmonium potential is quite similar to the non-relativistic potential such as
the Cornell potential.[1] The potential calculated in Bethe-Salpeter amplitude
methods exhibits a linear potential at large distances and a Coulomb-type po-
tential at short distances. But, the Coulomb-type potential may have large un-
certainties. In order to avoid the large discretization error, one uses data which
suffer less from the rotational symmetry breaking in the finite cubic box.[16] The
spin-dependent potential obtained in the lattice QCD clearly differs from a re-
pulsive δ-function potential generated by one-gluon exchange, which was widely
used in non-relativistic potential model for charmonium. The r-dependent part
in the spin-dependent potential may take the Yukawa form, or Gaussian form,
etc. It is barely consistent with the phenomenological model.[18]
In comparison with the elaborated dynamical lattice QCD simulations, the
present confining model suggests a simple understanding and derivation of both
the linear and Coulomb-type potential from one single gauge field equation. This
equation is the fourth-order field equation with a generalized gauge symmetry
involving non-integrable phase factor in (SU3)color gauge transformations. The
situation is somewhat similar to that in the electromagnetic field with U1 gauge
symmetry. The spin-dependent potential is not discussed in this confining model
and needs further investigation.
It is interesting that the strong coupling strength 0.19 ≤ f2/(4pi) ≤ 0.51
in the gauge covariant derivative (8) and the Lagrangian (22) turns out to be
smaller than 1 in the confining model for charmonium. This result suggests that
perturbation calculations could be useful in this confining model. It also suggests
that we could have a satisfactory quantum quark dynamics with strong inter-
action based on the taiji gauge symmetry, similar to quantum electrodynamics
with the usual U1 gauge symmetry. Furthermore, the length Lo = 0.19fm may
be used as a reference for large or small quark and antiquark separation in a
charmonium. It appears that the presence of this length Lo is a general property
of the Lagrangian with the taiji gauge symmetry. It could be considered as the
characteristic length in quark dynamics with taiji gauge symmetry.
From the viewpoint of quantum field theory, the degree of divergence in
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higher order Feynman diagrams associated with the Lagrangian (22) appears
to be no worse than that of the corresponding diagram in the usual gauge the-
ory. Thus, the confining model may be renormalizable. There is also a linear
potential between the c-quark and the new massless gauge boson, which is due
to the exchange of a virtual gauge boson between them. If the massless gauge
boson were to escape from a quark-antiquark system, then one will have unphys-
ical massless-particle with negative energies and unphysical runaway solution of
gauge fields[5, 6, 7]. It is gratifying that these unphysical phenomena cannot be
realized because of the confinement property.
In summary, we have demonstrated that by postulating the taiji gauge sym-
metry we have a new gauge field obeying (23) and (27), we can qualitatively
understand the confinement of c- and c-quarks, and of the massless gauge boson
in charmed quark-antiquark system[19]. The qualitative understanding of con-
finement can be extended to other quark-antiquark systems, but its applications
to baryonic systems need further study[20, 21].
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Note added. If we do a more detailed calculation of the charmonium poten-
tial in (33) by considering all source terms, we obtain smaller values, f2/4pi ≈
0.04, and Lo ≈ 0.013fm.
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